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THEORY OF COMPETITION BETWEEN SYNCHRONOUS AND 
NONSYNCHRONOUS MODES IN A MAGNICON OUTPUT CAVITY 

I    Introduction 

The magnicon is under development as an efficient, high-power microwave amplifier for 

powering the next generation of electron accelerators for high energy physics research.1-10 

These accelerators are expected to operate at several times the frequencies currently in use, 

i.e., X-Band or above. This will require a significant advance in the performance of high 

power amplifiers in this frequency regime. The magnicon is based on a scanning electron 

beam that is obtained by passing a magnetized pencil beam from a Pierce-type electron 

gun through a radio-frequency (RF) field deflection system. A schematic of the magnicon 

is shown in Fig. 1. The deflection system consists of a series of cavities—the first one driven 

externally—each of which support a rotating transverse magnetic (TM) waveguide mode, 

namely, the TMn0 mode, at ~ 1/2 the cyclotron frequency. The deflection system produces 

a gyrating beam with high transverse momentum, i.e. a = vj_/v\\ > 1, where v± and v\\ 

are the transverse and axial components of the electron beam velocity. The beam drives a 

gyrotron-like interaction in the output cavity; however, unlike the conventional phase-mixed 

gyrotron electron beam, at the cavity entry point the beam centroid rotates, or "scans" 

about the cavity axis at the drive frequency u^. The output cavity is designed such that 

the operating mode frequency u satisfies the synchronism condition u = MUJ^, where M 

is the azimuthal index of the mode. In this case the electron beam entry point rotates 

synchronously with the cavity RF fields, so that an ideal pencil beam interacts as a single 

electron, resulting in a highly efficient interaction. The nonlinear efficiency of the magnicon 

output cavity operating in the TM2io has been investigated by Hafizi et ah7'11. In this paper, 

the possibility of mode competition in the magnicon output cavity, an important factor in 

the operation of other gyro-devices, is investigated. In general, the overmoded output cavity 

supports other transverse electric (TE) and TM modes, some of which will have frequencies 

near the operating frequency. For these nonsynchronous modes, the beam entrance gyro- 

phase is completely randomized and the beam drives a conventional gyrotron interaction. 

Nevertheless, depending on the mode output coupling and transverse structure, these modes 
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may have low threshold currents and thus represent potential competing modes. For a 

nonideal magnicon beam, competition from nonsynchronous modes will be affected by 

scanning angle spread, which degrades the the interaction with the synchronous mode. In 

fact, when the scanning angle spread reaches 2TT/M the magnicon interaction is identical 

to the gyrotron interaction. 

In this work, a time-dependent, multimode gyrotron theory and associated computer 

code12'13 have been modified to examine competition in the output cavity between the 

phase-synchronous operating mode and the other nonsynchronous modes which interact 

via the conventional gyrotron interaction. Calculations have been carried out to model a 

second-harmonic X-Band magnicon experiment which is currently under way at the Naval 

Research Laboratory (NRL). The output cavity has been optimized for the TM210 mode 

at 11.4 GHz or twice the drive frequency (wd = 5.7 GHz). The principal competing mode 

is the TE121 mode. A nonlinear theory for these modes is developed in the next section. 

Generalization to several modes is straight forward. The results of calculations are given 

in Section III and our conclusions are given in Section IV. 

II     Theory 

A time-dependent multimode theory of gyrotron oscillators has been developed in previ- 

ous work.12,13 A summary of the approach is given here with emphasis on the new features 

in the analysis, including the synchronous interaction with a TM mode. Consider a cylin- 

drical magnicon output cavity which is tuned for a synchronous interaction with a TMM7W 

mode at the angular frequency u. After passing through the deflection cavities, the beam 

electrons follow helical trajectories with respect to guiding centers which are distributed 

such that at the entrance to the output cavity, the beam position rotates or "scans" at the 

drive frequency Lüd. The operating mode satisfies the synchronism condition w = Mud. In 

addition to the synchronous mode interaction, the beam interacts with a nonsynchronous 

mode, which is assumed to be a TEmnl mode, although in general there could be interac- 

tions with more than one nonsynchronous TE or TM mode. The electron beam geometry 
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is shown in Fig. 2.   The RF fields in the output cavity can be represented by the vector 

potential: 

Ä(f,t) = Äm(f,u,t) + Ag(f,u&,t) (1) 

—* 
where Am corresponds to the synchronous TM mode and is given by: 

(2) AmN(f>,*)    =    ReU^yam(t)g(z)täM
N(r,e)exVl-i(Lot + U(m 

AmX(r,u;,i)    =    -Rel^am{t)-£b(r,e)exp[-i{ut + U(t))}\ (3) 

where uico is the cutoff frequency of the TM^vw mode, b = — V^MJV 
IS the transverse vector 

mode function for a TM mode, V'MJVI
7
"^) = Cjj^JM(&A/jvr)exp(z'M0) is the cylindrical 

waveguide scalar function, and am(t) and £m(i) are slowly varying amplitude and phase 

factors which satisfy d£m/dt « Lo£m. The normalization coefficient of the scalar function 

is: C"MN = 1/ (^XMNJ'M (
X

MN)), JA/ is a Bessel function of the first kind, J'M (x) = 

dJM{x)/dx, and UMN — £M7v/rw is the transverse wavenumber of the magnicon mode 

where XMN is the nth zero of JM-
14
 The mode axial profile is given by the function g. The 

TE mode vector potential is purely transverse and is given by: 

^g (r, wg, t) = Re < -—ag (t) h (z) emn exp [~i (ust + £g (t))} \ (4) 
I  ZLüfj ^g 

,TE where emn = i x V^^n is the waveguide transverse-mode vector function for a TE 

mode, and h is the axial profile function. The TE mode scalar function is given by: 

V'mn(r5^)  =  CmnJM(kmn7-)exp(zm#), the normalization coefficient is given by:   C^E  = 

1/ (-JIT (x'£n — ra2)Jm (x'mn)V u>s is the frequency of the competing gyrotron mode, and 

kmn = xmn/rw is the TE mode transverse wavenumber where x'mn is the nth zero of J'm. 
—* —# 

The rf-field components are obtained from the vector potential using E = —dA/dt and 

B = V x A. Rate equations for the slow-time-scale mode amplitudes and phases can 

be derived by substituting the above expressions for the components of A into the wave 

equation: 

^2 ?     1 92A 
V2A--;W = ,oJ (5) 
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where J is the electron beam alternating current (AC) current density, c is the speed of 

light, and fi0 is the permeability of free space. SI units are used throughout except as 

noted. The result is: 

dam     uöm Z0c 

where Z0 = 377 ohms is the free-space impedance, 

m=wshr d{^i) Ida dz kw* • j>iKms)>     (io) 
and 

i    1    f^ r 
m = ür^L d{ut) Jv da dz sW8hJ*ei(ut+u). (ii) 

The mode axial normalization integrals are given by: 

Wg = Jo
Ldz\h(z)\\ (12) 

and 

Wm = JQ
Ldz\g(z)\\ (13) 

In this work, only the lowest order axial modes are considered. A sinusoidal profile will 

be assumed for h and g is assumed to be constant, i.e., h(z) = s'm(kzz) where kz = TT/L 

and g = 1. These choices are appropriate for a closed cylindrical cavity. Performing the 

integrals in Eqs.(12) and (13) lead to Wg = L/2 and Wm = L. 

The value of the mode excitation functions V and Q at the time t depends on the 

motion of electrons which entered the cavity between the times t and t - L/vz. Thus 

the mode rate equations are nonlocal integro-differential equations. To calculate the AC 

current density, the interaction with the electron beam is treated in the single-particle 

approximation.   The general time-dependent problem can be simplified by using the fact 



that the characteristic rise-time of fields in the resonator is much longer than the electron 

transit time in the cavity as well as the wave period. In this case, one can use a quasi- 

steady-state approximation in which the electron trajectories are calculated for rf modes 

with fixed amplitude. Neglecting space-charge effects and guiding center drifts, the slow- 

time-scale nonlinear equations-of-motion for an electron with guiding center coordinates 

(Ro, 0O) immersed in an axial magnetic field B0 and interacting at a particular harmonic 

with a synchronous TM mode and a nonsynchronous TE mode are readily deduced from 

previous steady-state, single-mode analyses,14'15'16 and are given by: 

u7 
fjs (Lri) Re | (h + i-^-^r ) exp [-i (A + Eg)]| (14) 

IF   =   ^U^ft~1l/m      * --=       RefaexpH(A + U]} 
\       sJs (kMNrL) 

-1    /m      rV     -     ;Refa, 
/ kMNrL 

UgJ^'s ifmnri) Re jt— exp [-i (A + Eg)]| (16) 

where ut — ^vt/c is the normalized transverse momentum amplitude, uz = ~jvzjc is the 

normalized axial momentum (vt and vz denote the electron transverse and axial velocities, 

respectively), 

A(z) = (LO - sÜ) z/vz -s<f> + ut0 -(M-s) 6o (17) 

gives the slow variation in the transverse momentum phase relative to the reference wave 

phase, and 

Eg = £g + K - ")z/v\\ + K -w)to-(m- M) 0O. (18) 

Other variables denote: s, the harmonic number, 7 (70), the (initial) relativistic mass ratio 



which is given by: 

7=(l + «? + ^)1/2, (19) 

rL, the Larmor radius of the orbit, fi, the relativistic cyclotron frequency of the unperturbed 

beam, and /m and /g, the normalized TM and TE mode amplitudes given by: 

f™   ~   Z~xMNCj^f3M_s(kMNRQ)am(to) (20) m0c 
lei 

~~      m  c2XmnCmn3m-s(kmnRo)ag(t0) (21) 

Quantities with an overbar have been normalized according to: z = z/rw, fL = ri/r^, Ü = 

ttrw/c, ü = urw/c, and kmn = kmnrw. R0 and 0O denote the electron orbit guiding center 

radius and azimuthal angle, |e| is the electron charge, m0 is the electron rest mass, rw is an 

arbitrary normalization radius, and <f> gives the slow variation in the transverse momentum 

phase relative to the cyclotron motion. At the cavity entrance, the transverse momentum 

phase parameter is given by 

A(O) = -s^o + u;<o-(M-5)0o, (22) 

where 4>0 = <j>(z = 0) is the electron gyrophase at the cavity entrance.   For a magnicon 

scanning electron beam, 

4>o   =   0sc + d (23) 

©o   =   0sc + c2, (24) 

where c2 and c2 are constants and the scanning angle is given by: 

0SC = udt0 + 6sc0. (25) 

The angle 6sc0 accounts for the spread in scanning angles resulting from a nonideal beam 

formation system. Substituting Eqs. (23) and (24) into Eq. (22) and using Eq. (25) leads 

to: 

A (0) = Ao - M6sc0 (26) 

where A0 is an overall phase constant, which may set to zero without loss of generality. 
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The AC current density is obtained by integrating Eqs.(14)-(16) for an appropriate set 

of initial conditions at the cavity input z = 0. The AC current density is given by: 

J = --v. (27) 
vz 

Using the prescription developed in previous work,15 Eqs.(8) and (9) for the mode amplitude 

and phase can be rewritten as: 

dfm      _ /i 
dr 

7^- + L [  dzg(z) (js(kMNrL)^sm [A + £m]\ (28) 
2(5m Jo \ uz /esc0,e0,t0 

dCn 
~ I   dz g(z) (js(kmnrL)— cos [A + £m]) (29) 

./m JO \ Uz I a   „ p,„ fn dr fs 

dfg ^g    /g      ,    r     fL j^,^/rl,i. ^Ut 

0,©o,to 

+ /g I  dzh(z) U(kmnrL)^ cos [A + Eg]\ (30) 

^   =   -^ [Ldz h(z)(j's(kmnrL)^sm[A + Es}) (31) 
dT hJo \ uz /esc0,©o,to 

where r = ut; ( )esc0,e0,t0 denotes the average with respect to the initial scanning angles, 

guiding center angles, and cavity entrance times of the electrons; and X is the normalized 

interaction length. The normalized current factors are given by: 

f \e\Z0   ^M-S(^MNRO) 

mQc
2u:-Ky^{xMN)WT] 

-h (32) 

f       _        \e\Z0 ^m-sJkmnRo) _     -. ,       > 

m0c*ü TT (1 - w?lx'ml) Pm{x'mn)Wg ° {66) 

where I0 is the DC beam current. The numerical calculations can be greatly simplified for 

low-order harmonic interactions by noting that the Bessel functions Js and J's which occur 

in the equations-of-motion and the rate equations for the mode amplitude and phase source 

terms can be replaced by their small argument expansions with little loss of accuracy. 

The time-dependent simulation is initiated by assigning a small initial amplitude and ar- 

bitrary phase to a set of modes which may participate in the interaction. The corresponding 

induced AC current density is obtained by integrating the equations-of-motion [Eqs.(14)- 

(16)], and is used to construct the source terms in Eqs.(28)-(31). Eqs.(28)-(31) can then 



be integrated a single time step and the process repeated. The initial conditions for the 

equations-of-motion for the magnicon scanning electron beam are: ut(0) = uto, uz(0) = uZo, 

a fixed guiding-center radius R0, 0O is uniformly distributed in the interval [0,2?r], *0 is 

averaged over the longest beat-wave period of the modes present in the cavity, and a certain 

spread in angles is assumed for 6sc0. The interaction efficiency is given by: 

v = 7o-(7(2 = £)k.o,eo,«o (34) 

7o - 1 ^    ' 

The output power in a TM mode is given by: 

and the power in a TE mode is given by: 

Pg(T) - 2Z0e2        QePm_s(kmn^)      W-W« 1^(^)1 (36) 

III     Calculations and Results 

The magnicon parameters were obtained in a previous optimization study carried out 

for the NRL experimental configuration.7 The electron beam energy and current are 500 kV 

and 172 A. The beam pitch ratio after transiting the deflection cavities is a = 1.0. An 

ideal cylindrical output cavity is assumed with a radius of 2.145 cm and a length of 5 cm. 

The effect of the beam tunnel apertures is neglected. The TM2io operating mode Bessel 

function zero x2\ = 5.135 and the cold-cavity oscillation frequency is 11.42 GHz. For 

simplicity in legislating the synchronism condition, frequency shifts due to beam loading (~ 

1 MHz) have been neglected in the mode rate equation source terms and in the equations- 

of-motion. This allows the drive frequency to be set equal to the cold-cavity frequency. 

The mode phase time dependence resulting from these shifts has been calculated. Possible 

near-cutoff, nonsynchronous competing modes include the TM02o mode (x02 = 5.520 and 

/ = 12.27 GHz), the TE4n mode (x'41 = 5.320 and / = 12.20 GHz), and the TE121 mode 
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(x'12 = 5.33 and / = 12.23 GHz).   Of these, the most dangerous competing mode is the 

TE12i mode because its fields are peaked on axis and therefore couple strongly to the 

beam which propagates near the axis. In the slow-time-scale approximation, the coupling 

strength of the TM210 operating mode is proportional to J?(2.39.Ro) whereas that of the 

TE121 mode is proportional to Jl(2A9Ro).   Thus the relative coupling strength of these 

modes is strongly affected by the electron beam guiding center radius, i.e., near the axis 

an increase in beam radius increases the coupling to the TM2i0 mode while decreasing the 

coupling to the TEm mode. In this study a guiding center radius RQ = 0.45 cm was chosen. 

This value optimizes the efficiency of the TM210 mode in the slow-time-scale approximation 

for the chosen cavity and beam parameters, and is consistent with simulation results for 

the size of the NRL electron beam after passing through the deflection cavities.    The 

oscillation threshold currents of the TEm and TM210 modes were calculated numerically 

by integrating the equations-of-motion in the small signal regime and are shown in Fig. 3 

as a function of the applied magnetic field for a Q-iactor of 200. The threshold current of 

TE121 mode is about half the operating current so that high power oscillation is expected 

unless it is suppressed by the synchronous mode. Conversely, the threshold current of the 

TM210 mode for a phase-mixed beam is greater than the beam current, as shown in Fig. 3. 

Competition between the synchronous TM210 mode and the nonsynchronous TEm was 

investigated using the formalism presented in the preceding section. The numerical integra- 

tions were carried out using a fourth-order Runga-Kutta algorithm for both the field rate 

equations and the equations of motion.17 Twelve phases were used in each of the averages 

over ©o, #sc0, and t0. Fifty points were used in the equation-of-motion integrations through 

the cavity. The results were found to be insensitive to increasing the number of points used 

in these averages and integrations. 

The time evolution of the output power in the TM210 synchronous mode and the TEm 

gyrotron mode is shown in Fig. 4 for scanning angle spreads of 45° and 90°. A uniform (top 

hat) distribution of particles was used to model the spread. A 20 ns voltage ramp, in which 

the initial voltage was 0.8 of the maximum, was used to model effects of a finite voltage 



risetime, however, the results were not affected by this ramp. This is in contrast to the case 

of mode competition in gyrotron oscillators where a voltage ramp can affect the multimode 

equilibrium state by varying the mode detunings during start-up.13 In the present case 

the voltage ramp increased the initial growth rate of the TE121 mode but had little effect 

on the much faster growth rate of the TM210 synchronous mode.   The maximum beam 

current and beam velocity pitch ratio were used from the beginning of the simulations. 

For both values of scanning angle spread, the nonsynchronous mode is suppressed by the 

magnicon interaction, but the suppression is weaker for the larger scanning-angle spread. 

Our calculations indicate that there are two basic effects of increasing scanning angle spead. 

The first is a reduction in the operating mode efficiency and the second is a weakening in 

the ability of the synchronous mode to suppress the nonsynchronous competing mode. 

Both these effects are illustrated in Fig. 4. At a particular spread value, which depends on 

the beam size, the latter is no longer completely suppressed and a multimode equilibrium 

results. Such a case is shown in Fig. 5. This figure shows the time evolution of the TM210 

mode normalized axial electric field and the TE121 mode normalized transverse electric 

field for a large scanning-angle spread of 122°.    The voltage profile is also shown.    In 

this case the TE mode is not suppressed, but has a reduced growth rate.   It eventually 

grows to large amplitude and partially suppresses the TM210 mode forming a multimode 

equilibrium.   Fig. 6 summarizes the efficiency dependence on scanning angle spread for 

an a = 1, R0 = 0.45 cm beam.  The efficiency is reduced by ~ 15% for a scanning-angle 

spread of 45°; the reduction increases to 50% for a scanning-angle spread of 90°. The TE121 

mode is completely suppressed for scanning angles up to 90°.  The relative magnitude of 

the TEm mode grows rapidly as the scanning-angle spread is increased beyond 90°. The 

magnicon mode disappears completely for a spread of 180° and the TE121 mode reaches an 

efficiency of ~ 16%. 
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IV Discussion and Conclusions 

A fully nonlinear, time-dependent, multimode theory has been formulated for the mag- 

nicon output cavity. Proper phase averaging between the modes, and between the modes 

and the beam electrons, is critical to accurate mode competition calculations. In nonsyn- 

chronous interactions this is achieved by averaging with respect to electron entrance time 

and the orbit guiding center angle. The synchronous mode interaction is invariant with 

respect to these two averages; however, it is affected by scanning angle spread which is 

included via a third average over scanning angles. Calculations have been carried out to 

model a second-harmonic X-Band magnicon experiment which is currently underway at 

NRL. The calculations, although lengthy, can be feasibly carried out on a fast computer 

such as the Cray. The output cavity has been optimized for the TM2io mode at 11.4 GHz 

or twice the drive frequency (ud = 5.7 GHz). The principal competing mode in this config- 

uration is the TE12i mode. Nonsynchronous mode interactions are found to be suppressed 

by the synchronous interaction if the scanning angle spread is sufficiently small (< 90° in 

the NRL configuration). Simulations of beam propagation in the deflection cavities suggest 

that the scanning angle spread at the output cavity in the NRL experiment will be less 

than this, so that mode competition in the output cavity is not expected to be a problem. 
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Fig. 1. Schematic of second harmonic magnicon amplifier. 
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Fig. 2. Electron beam parameters at entrance to output cavity. 
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Fig. 3. Comparison of threshold oscillation currents for the TM210 and TMm modes. 
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Fig. 4. Time evolution of the output power in the TM210 and TMm modes. 
Solid curves: O^Q = 45°, dashed curves: 6x0 = 90°. 
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Fig. 5. Time evolution of the normalized mode amplitudes (fm and/g) for 0^ = 122°. 
Solid curve: TM210 mode, dashed curve: TE121 mode, dotted curve: voltage profile. 
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Fig. 6. Output efficiency for each mode as a function of scanning-angle spread. 

Solid curve: TM2I0 mode, dashed curve: TEi21 mode. 
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